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Problem: 

How to find invariants of a geometric structure? 
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In tlie first lecture we have seen an example of how the invariants help us in the problem of 
classification of differential equations. In general, the invariants play a very important role in 
the theory of geometrical structures and their applications. But how one can find the invariants 
Q ■ of a geometrical structure? 

r-| ! To do it, we first consider an adapted frame field, a frame field which is adapted to a geomet- 

^ \ rical object. Then we derivate the vector fields of the frame and expand the derivatives in terms 

of the same frame. If the adapted frame is uniquely associated to a geometric object, then, any 
motion maps the adapted frame of the object to the adapted frame of its image. Therefore, the 
coefficients of the expansion will be the same, so they are invariants of the geometric object. 
I The idea to use the coefficients of the derivation equations of an adapted frame in order 

to construct invariants of geometric objects (such as surfaces, Riemannian manifolds and sub- 
■ manifold, distributions, etc.) is due to E. Cartan, and is widely used in the modern differential 

. geometry. 

^ i In this lecture we will give examples of how this idea can be applied to the specific exam- 

ples, and give introduction to the theory of G-structures which provides the background for 
development of Cartan's ideas in the framework of modern geometry. 

^ 1. Motivation for the theory of G-structures. Moving frames 

^ , 1.1. Example of adapted frame field: moving frame of a plane curve. Let 7 be a 

regular curve on the oriented plane given by parametrization r = f{s). Then at each point 
f(s) we take the unit tangent vector field T(s) and the vector N{s) obtained by counterclockwise 
rotation on angle 7i/2. Thus we obtain a frame at each point, so a frame field {T{s), N{s)}, 
called the Frenet frame field, which is unique if the curve is oriented. 

The derivation equations of the Frenet frame field are the famous Frenet equations: 

(1) f\s) = k{s)N{s) 

(2) N'{s) = -k{s)f 

The coefficient function k{s) is called the curvature function of the curve and is an invariant of 
the curve. Indeed if we have a motion (an isometry) A : — i- of the Euclidean plane M^, 
and 7 = ^(7), then {A{T), A{N)} is the Frenet frame for 7. Therefore, if k{s) is the curvature 
of 7(s), then k{s) = k{s). 
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Figure 1. Prenet frame 

Figure 2. Isometry action on the Prenet frame 

Exercise 1. a) Find the curvature of straight line and a circle of radius r. Does an isometry 
exists which maps a circle of radius 3 to a circle of radius 2 ? 

b) What is the adapted frame for a curve in the three-dimensional space M^? What are the 
invariants of this curve? 

1.2. Example of adapted frame: surfaces in R^. Invariants of surfaces. If we have a 



surface S C M given by a parametric equation r 



) , then we can construct an adapted 



frame field in the following way. For the first two vectors of the frame we take 

(3) ei = dif, 62 = d2f, 
and the third one is the unit normal vector 

(4) n ^ ^ ^ 



Jei X 62 

Then the derivation equations of this frame are 

die - 
difi = 



-irn-ei X 62. 



(5) 



The coefficients of the derivation equations play important role in the surface theory (Tfj are 
connection coefficients, hij is the second fundamental form, h^j is the shape operator), how- 
ever the adapted frame is not unique because we can change parametrization, therefore the 
coefficients themselves are not the invariants of the surface. 
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Let US look what happens if we change the parametrization, and so change the adapted 
frame. If = (m^), then 



(6) 



62 = 

63 = 





ey + 










61/ + 




dv? 
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62', 



Therefore, the transformation matrices form a group 
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Under the transformations A the matrix h = [/i^] change: 

(8) h' = A-^hA, 
but 

(9) X = det/i, and // = tr/i 

are invariant under the action of the group G, so K and H are invariants of the surface (in 
fact, these are the famous the gauss curvature and the mean curvature, respectively). 

Exercise 2. Does there exist a motion o/M^ which maps an ellipsoid to a hyperboloid? 



2. G-STRUCTURES 

The examples above explain the idea to construct invariants from the coefficients of derivation 
equations. Technically this idea is realized nowadays using the concept of G-structure. 

2.1. Examples of adapted coframes. In the classical differential geometry adapted coframe 
means a coframe field which is, in some sense, adapted to a given geometrical structure. Let 
us consider several examples of classical geometric structures. 

Example 1 (Riemannian metric) . If is a Riemannian metric given on a n-dimensional man- 
ifold M, then the adapted coframes are the orthonormal coframes of g, that is coframes such 
that (yf = (g) + . . . e" (g) e". The matrix of g with respect to an orthonormal coframe is the 
identity matrix. 

Example 2 (Almost complex structure). An almost complex structure on a 2m-dimensional 
manifold M is a linear operator field J such that — —I. The adapted coframes are the 
coframes with respect to which the matrix of J is 



where / is the identity m x m-matrix. 
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Example 3 (Presymplectic form). A presymplectic form is a 2- form a; on a 2m-dimensional 
manifold which is nondegenerate at all points. The adapted coframes are the coframes {e^}^__^ 
such that 

(11) w = A + ■ ■ ■ + e''"-^ A e'"^ 

Example 4 (Distribution) . If A is a /c- dimensional distribution on an n-dimensional manifold 
M, then the adapted coframes {e^, . . . e"} are such that A is given hj n — k linear equations 

(12) e^+^ = 0, = 0, . . . e" = 0. 

Let X be a point of M. Then any coframe e = {e^, . . . , e'^} of T^M determines an isomorphism 
ipe between the Grassmannian Gk{TxM) (the space of all fc-dimensional subspaces of T^M) and 
the Grassmannian (^^(IR"). So, an adapted coframe for a distribution A is a frame e such that 
(^e maps A(x) to Ml" C M", where M^^ = {(0, . . . 0, . . . x") G R"}. 

Exercise 3. What is the set of coframes adapted to a nonvanishing vector field v on the plane 

In order to consider the previous examples from a general point of view we need a portion of 
the frame bundle theory. We will not go in details here, so we refer the reader to [1], [2] where 
he can find the detailed exposition of the theory. However, for the reader who is familiar with 
the theory of bundles, we give some additional information in the text starting with the symbol 
III and ending with □. 

2.2. Linear coframe bundle. As we would like to consider all the adapted frames at all 
points of a manifold it is natural to consider the set of all frames at all points. However, for 
our purposes, it is convenient to consider the set of all coframes of the tangent spaces at all the 
points of a manifold. 

Recall that, for a vector space V , a linear functional / : — )■ R is called a covector, and the 
set of all covectors endowed by the standard operations of addition of real valued functions and 
multiplication of a real valued function by a number, is a vector space V* , called the covector 
space dual to V . The dimension of V* is equal to the dimension of V . A coframe of V is a. 
frame oiV* . 

If {ei, ■ ■ ■ , Cm} is a frame of V , there exists a unique coframe {e^, ■ ■ ■ , e*"} such that e'^(ej) = 
5^. Moreover, if f = v^ci + ■ ■ ■ + f '"Cm, then e*(f ) = f *, z = 1, m. 

For a manifold M, and x G M, denote by B{TxM) the set of all coframes of TxM. The group 
GL{m) acts on B{TxM) from the right: 

(13) Ve = (e\ . . . , e"^)* G BiT^M), A G G'L(m), (e. A) ^ A'^e, 

It is clear that this action is free and transitive. 
Now we set 

(14) B{M)= U B{TxM), 

and we can define the surjective map, called the projection, 

(15) TT : B{M) M, {e\ ■ ■ ■ , e'"} G 5(T,.M) ^ x G M. 

The subsets vr^^ = BiT^M) C B{M) are called the fibers of vr. The action (fT3!) induces a free 
action of the group GL{m) on the set B{M) which is transitive at the fibers. 
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Now take an atlas {Ua, x^) of the manifold M. Then we have the bijections 



(16) iJa : rr~\U^) ^ f/. x GL{n), i^{A]dxi\,) = {p,\\A]\\-^), 
and 

(17) : (f/, n Up) X GL{n) ^ (t/„ n Up) x GL{n), {p, A) ^ {p, ^A), 

where is the Jacobi matrix of the coordinate change. Using this bijections, one can intro- 



duce the manifold structure on the set B{M) so that tt : B{M) — )■ M is a smooth map, and 
the action of G on B{M) is also smooth. 

The triple {B{M),7i,M) is called co frame bundle of a manifold M. The coframe bundle is 
an example of a principal fiber bundle. 

2.3. Principal fiber bundle. Let P be a manifold endowed by a free right action of a Lie 
group G. Assume that the M = P/G is a smooth manifold, and the natural projection 

(18) n:P^M = P/G, p [p] 

is a smooth map. In addition assume that the map tt is locally trivial. This means that there 
exists a open covering {Ua} of M and diffeomorphisms <fa '■ T^^^iUa) —^UaXG with the 
properties: 1) if (pa{p) = {x,h), then (p{pg) = {x,hg) {(fa is G-equivariant); 2) the following 
diagrams are commutative: 

(19) 'n-\Ua) >Ua^G 




Ua 

Then tt : P — )■ M is called a G-principal bundle. 

One can see, that with above assumptions, the map (fp^Pa^ is 

(20) ipp^l^ : UaHUp X G ^ UaHUp X G, (x, g) {x, g^ag)- 
The maps 

(21) gpa -.UaDUp^G 

are called the gluing maps, because P can be viewed as a space glued from trivial bundles 
Ua X G via the maps gjja- 

Thus the coframe bundle is a G'L(m)-principal bundle. 

The sets of adapted frames given in examples in 12.51 are principal subbundles of the coframe 
bundle. 

Example 5. The 3-web considered in Lecture 1 determines a G-structure on M^, where G is 
the group of scalar matrices. 

Example 6 (Riemannian metric). The adapted coframes of a Riemannian metric g given on 
a manifold M form a S'0(m)-principal bundle SO{M,g) — > M. 

Example 7 (Almost complex structure). The adapted coframes of an almost complex structure 
on a 2m-dimensional manifold M form a GL{m, C)-principal bundle L{M, J) — )■ M. 
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Example 8 (Presymplectic form). The adapted coframes of a presymplectic form a; on a 
2m-dimensional manifold form a S'p(m)-principal bundle Sp{M,u)) M. 

Example 9 (Distribution). The adapted coframes of a A;- dimensional distribution A on an 
n-dimensional manifold M form a GL{n, A;)-principal bundle, where 

(22) GL{n,k)^i^ Q ^ \AeGL{k),CeGL{n-k)Y 

Exercise 4. a) Prove that for the torus we have B{T^) ^ x GL{2). 

b) Is it true that for the 2- dimensional sphere we have B(S'^) = §^ x GL{2) ? 

Definition 1. A G -structure is a G-principal subbundle P(M; G) ^ M of the coframe bundle 
B{M). 

2.4. Associated bundles. Let tt : P — )■ M be a G-principal fiber bundle, and p : G x Y ^ Y 
be a left action of G on a manifold Y. Let {Ua,ipa '■ '^^^{Ua) — )■ Ua x G} be an atlas of the 
bundle n : P M with the gluing maps ipisa : Ua^Up ^ G. Then the maps 

(23) iP^U^nUp^DzffiY), iP{x)^p{iP{x)),xeU^nUp, 
satisfy the cocycle conditions: 

l)^aa(a;) = ly,Vx eUa, 

therefore they are gluing maps of a bundle, called the bundle associated with the G-principal 
bundle tt : P — >■ M with respect to the action p. 

Example 10 (Tangent bundle as associated bundle). Consider the coframe bundle B{M) — > M 
over an m-dimensional manifold M. In this case the group G = GL{m). Consider the action 
of GL{m) on the vector space R"*: 

(25) p : GL{m) ^ p{A, v) = Av 
Then the associated bundle E is the bundle with gluing functions 

T~)t dx^ 

(26) — p{ )va, which translates to v'^ — -^-^v]^ 

UXa ^-^a 

As this is exactly the transformation law for the vector components under the coordinate 
change, we see that the elements of E are the tangent vectors, and E — TM is the tangent 
bundle of M. 

m 

The associated bundle can be also described as follows. On the manifold P x y we introduce 
the equivalence relation (p, y) ~ {pg^ p{g~^y), for p G P, y G Y, and g E G. By npxY we denote 
the canonical projection of P x y onto the set E = P xY/ ~ of equivalence classes. 

The set E can be endowed with a manifold structure, so that tt^ :£■—>■ M, 7rpxy(p, 2/) = 
[p, y] ^ 7r(p) is a fiber bundle with typical fiber Y, and this bundle is exactly the associated 
bundle. 
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Example 11. Consider again Example [lO] Then P = B{M), Y = R™, the bundle E is the 
tangent bundle TM, and the map TrB{M)xR"^ is 

(27) nBiM).M- ■■ B{M) X ^ TM, {{e\ e^}, {v\ t;")*)) ^ v'e, + ■■■ + v^e^, 
where {ei, . . . , 6^} is the frame dual to the coframe . . . , e*"}. 

Proposition 1. To each p & P we can associate a unique diffeomorphism : -E^(p) — > Y such 
that 

1) p'^{[p,y]) = y. 

2) (pg)'' = g-^p""- 

Proof. 1) follows from the construction of the associated bundle. 
2) We have {pg)'^{\pg,g'^y]) = g'^y- Therefore, ipg)^i[p,y]) = g'^y = g'^p^i[p,y])- □ 

The diffeomorphism p^ will be called the coordinate diffeomorphisra, 

Example 12. Under the setting of the previous example, for a coframe p = {e^, . . . , e"^}, the 
map p^^^ : T^M is the map 

(28) p™(t;) = {v^ = e\v),...,v'" = e'^iv)). 

that is, gives the coordinates of a vector v G T^^i^p^M with respect to the coframe p. 

So each p E P determines an isomorphism, called the coordinate isomorphism, of a fibre of 
associated bundle over 7r(p) to the typical fibre Y. 

The local trivializations of the associated bundle can be described in terms of the coordinate 
diffeomorphisms as follows. Let us take a covering {Ua} of M such that on each Ua we have a 
section : [/„ — )> P of the bundle ir : P ^ M. These sections determine trivializations 

(29) ipa ■■ Ua X G ^ n'\Ua), tp{x, g) = Pa{x)g 

of the bundle P. Then the sections Pa also determine trivializations ip^^ : 7i^^(Ua) Ua x Y 
of the bundle E: 

(30) ^!ie) = Me),PainEie))fie)) 

(31) i^^)-\x,y) = ipaix)^r\y). 

Proposition 2. In terms of the trivializations ipa o-nd ip^ the map p^ : -E'7r(p) Y is written 
as follows: if tt{p) = x, and p = i/ja{x,g) = Pa{x)g, then 

(32) p''ix,y) = g''y. 

Proof. In terms of the trivializations ipa map p^ : Ej^^p^ Y is written as follows: if 

7i{p) = X, and p = Pa{x)g, then 

(33) (x,y) ^p^(^f)-i(x,y) = iPaix)gr o ip^ix)^)-\y) = 

= g-'paixf o {paixf)-\y) = g-'y. 

□ 

□ 
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Proposition 3. The sections s : M ^ E are in one-to-one correspondence with the G- 
equivariant maps from P to Y , that is with the maps fs'.P^Y such that fsipg) = p{g)~^ fs{p) ■ 
In terms of trivializations the map fs is given as follows: 

(34) U3)a{x,g) = g~^yo,{x). 

Example 13. Let s : M — >■ TM be a section of the tangent bundle, that is a vector field. 
Then, the corresponding map fs is 

(35) /, : B{M) ^ M™, p = {e\ . . . , e'"} G B{M) -> {e\v{7,{p))), e"^{v{7r{p)))) . 

that is fs maps a coframe p G B{M) at a point x G M to the vector in R™ of coordinates of 
v{x) with respect to this coframe. 

3] Namely, given a section s, we define 

(36) /s(p)=P^(3(7r(p)). 

The G-equivariant property of fs follows immediately from Lemma [TJ 

Let s : M ^ E he a section, then define the local representation of the section : Ua ^ Y 
as follows: 

(37) Sa = (V'f ) O s\u^ : Ua Ua y. Y, Sa{x) = (X, ya{x)). 

Then, the corresponding map fs '■ P ^ Y, p P^i^i'^ip)))} can be written in terms of the 
trivializations and the local representations y^ of the section s: 

(38) {fs)aix, g) = fso ^aix, g) = fsiPaix)g) = 

= {Pa{x)g)^{s{x)) = g'^{pa{x))^{s{x)) = g'^yaix). 

Thus we have proved 

Proposition 4. Assume that a section s : M ^ E has local representations y^ '-Ua ~^Y with 
respect to the trivializations ip^. Then the local representation {fs)a = fs ° 4'a '■ x G ^ Y of 
the map fs is 

(39) {fs)a{x,g) = g'^yaix). 
□ 

2.5. G-structure of adapted coframes constructed via a section of an associated 
bundle. 

Definition 2. Let P — M be a G-principal bundle, and Gi be a subgroup of G. If there exists 
a Gi-principal subbundle Pi — M of P, then we say P reduces to the bundle Pi, ot P reduced 
to Gi-principal bundle. 

Let y be a manifold endowed by a G-action p. Denote by Og{Y) is the set of orbits of the 
action p. For each orbit O G 0{Y), denote by po the transitive action of G on O induced by 
the action p. 

Let P — )■ M be a G-principal bundle. Denote by Eq the bundle with typical fiber O associated 
to the G-principal bundle n : P ^ M with respect to po- Then the total space E is split into 
the disjoint union of the total spaces Eq- 
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For each section s : M — i?, we set Mq = {x E M \ s{x) G Mq}- In general, Mq is not 
a submanifold. However, if s is transversal to Eq, then Mq is a submanifold of M. Note also 
that, if : P — >■ y is the map corresponding to s, then f~^{0) consists of fibers of P, and 
n{f-\0)) = Mo. 

If we assume that s : M ^ E takes values only in one orbit O G 0(y), and Gq C G is the 
isotropy subgroup of a point yo G O, then f~^{yo) is a Gi-subbundle of P, so P reduces to a 
Gi-principal bundle. If we take another point yi G Y, and Gi is the isotropy subgroup of yi, 
then f~^{yi) is an Gi-subbundle of P, which is isomorphic to f~^{yo). 

Let TT : B{M) — >■ M be the coframe bundle of a manifold M and F be a manifold endowed 
with GL(n)-action p : GL{n) x Y ^ Y. We can construct the bundle tte '■ E M associated 
with B{M) with respect to the action p. Then any section s : M ^ E such that fs ■ B{M) Y 
takes values in one orbit O of the action p, determines a reduction of B{M) to a G- principal 
subbundle, where G is the stationary subgroup of a point y^ & O. So any section of this type 
determines a reduction of the coframe bundle B{M) to a Go-subbundle Bg{M) — )■ M. The 
elements of Bg{M) are called adapted coframes, or coframes adapted to the section s. 

Example 14 (Vector field). The action of GL{m) on has two orbits: O = {f 7^ 0} and 
Go = {0}. A vector field on a manifold M is a section s of the tangent bundle TM which is the 
bundle associated to the coframe bundle B{M). If the corresponding map fs : B{M) 
takes values in O, then vector field does not vanish. 

Example 15 (Riemannian metric). The bundle Tq (M) ^ M of symmetric tensors on a man- 
ifold M is the bundle associated to B{M) with respect to the standard action p of GL{m) on 
the space T^iW"") of tensors of type (2, 0) on R"*: 

(40) ipiA)t){x, y) = t{A-^x, A'^y), A G GL{n),t G ^^(R^). 
Let {e^}i=i^ be the standard coframe of M™, and take the tensor 

(41) c/o = + O + • • • + e"* ® e"* 

in rQ(R'"). Let 0{go) be its orbit under the action p. A Riemannian metric g given on a 
manifold M is a section g : M Tq (M) such that the corresponding map fg : B{M) — )■ Tq (M") 
takes values in the orbit 0{go)- The isotropy group of go is the Lie group 0(n) of orthogonal 
matrices. Therefore, a Riemannian metric g determines a reduction of B{M) to the 0{n)- 
principal subbundle of orthonormal coframes, and the coframes adapted to g are exactly the 
orthonormal coframes. 

Example 16 (Almost complex structure). The bundle Tl[M) — )■ M of linear operators (tensors 
of type (1,1)) on a manifold M is a bundle associated to B{M) with respect to the standard 
action p of GL{n) on the space T/(M") = (M")* ® M: 

(42) {p{A)t){x,i)^t{A-^x,A*i), AeGL{n),teTl{^^). 

Assume that the dimension of M is even, that is n — 2m, Let us denote by Ik the indentity 
k X A;- matrix. The orbit G( Jq) of the matrix 

(43) Jo=\j ~!r], 
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consists of linear operators J such that = —hm, and the isotropy group of Jo is the matrix 
group 

(44) GL{m, C)^{C = 

An almost complex structure (see Example [2]) is the section J : M ^ T^M such that the 
corresponding map fj : B{M) — )■ T/(]R") takes values in 0{Jo). Therefore an almost complex 
structure determines a reduction of B{M) to a GL{m, C)-principal subbundle of B{M) and the 
coframes adapted to J are the elements of this subbundle. In fact, the adapted coframes are 
those with respect to which the matrix of J is exactly Jq 

Example 17 (Presymplectic form). A presymplectic form field (see Example [3]) is a section u 
of the bundle T^{M) such that : B{M) T^iR"") takes values in the orbit 0{ujo) with 

(45) Uo = e' Ae^ + --- + e'™-^ A e''", 

where {e*}-^Y^ is the standard coframe of M". The isotropy group of uq is the group of 
symplectic transformations 

(46) Sp(m) = {A I A^uqA = wq} • 

Thus a presymplectic form field determines a reduction of B{M) to a S'p(m)-principal subbundle 
of B{M). The adapted coframes are the coframes {^''}f.-i2m ^^^^ ^^^^ with respect to these 
coframes the tensor uj{x) is given by fHSl) for any x G M. 

Example 18 (Distribution). Denote by (^^(M") the Grassmann manifold of /c-dimensional 
subspaces in M", and by Gk{M) — )• M the Grassmann bundle of /c-dimensional subspaces of 
the tangent spaces of a manifold M. This bundle is associated to B{M) with respect to the 
action of GL{n) on the Grassmann manifold (^(^(M"): 

(47) p{A)A = A{A), AGGfe(R"). 

This action has the unique orbit and the isotropy group of the fc-dimensional subspace 

(48) Ao = {e'=+^ = 0,...e'^ = 0} 
is the matrix group 

A e GL{k), B e Mat{k, n-k),C e GL{n - A;) | . 

A A;-dimensional distribution on M is a section A : M Gk{M) and /a : B{M) Gk{W) 
takes values in one orbit of G'L(n)-action p (because the orbit is unique). So any distribution 
A determines a reduction of B{M) to a G-principal subbundle, and the adapted coframes are 
those with respect to which A(a;) is given by equations f|T2|) . 

The above examples are examples of G-structures associated to various geometric structures. 
All of them obtained as reductions of the coframe bundle B{M). 

Exercise 5. Describe the G-structure corresponding to a nonvanishing covector field ^ on the 
plane R^. 



A -B 
B A 



det Gy^O} 



(49) 



G 



A B 
G 
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Summary of Lecture 2 

The main problem is "How to construct invariants of a geometric structure"? 

• The invariants of a geometric structure can be constructed via coefficients of the deriva- 
tion equations of an adapted frame. 

• Adapted frames form a G-principal subbundle of the coframe bundle -B(M), a G- 
structure. The group G is the group of linear transformations sending adapted frames 
to adapted frames. 

• The main goal of the Cartan reduction is to reduce a given G-structure to a minimal 
possible Gi. This means that we make the class of adapted frames, and the group G, 
as small as possible. In particular, if Gi — {e}, then we get the unique frame field 
associated to the given geometric structure. So the coefficients of the corresponding 
derivation equations are invariants. 

A section of a bundle associated with the coframe bundle which takes values in one 
orbit of G-action, determines a G-structure. This is the zero step of the Cartan reduc- 
tion. 

What will we do in the next lecture? In the next lecture we will explain how to make 
the other steps of the Cartan reduction. 

Answers to exercises 

1 a) The curvature of a straight line is 0. The curvature of a circle of radius r is 1/r. The 
isometry does not exist because 1/r 7^ 0. b) The Prenet frame. The curvature and the torsion. 

2 No, because the gaussian curvature of an ellipsoid is positive and the gaussian curvature of a 
hyperboloid is negative. 

3 For example, the set of coframes {e^, e^} such that e^{y) = 1, e^(t') = 0. 

4 b) No. 

5 The total space P consists of coframes {^{x), e^}^, where is arbitrary but linearly indepen- 
dent with i{x). The group G consists of matrices 
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